In this paper two approaches to vibration control of a funnel-shaped smart structure with distributed piezoelectric actuators and sensors are considered. They are based on different possibilities for the shell smart structure modeling. An optimal linear quadratic (LQ) tracking control system with additional dynamics is proposed as a model-based control solution for the vibration suppression of a funnel-shaped structure which is modeled using either of the two approaches suggested in this paper: a finite element method (FEM)-based approach and model identification based on the measured input-output signals. Another control approach is a direct robust model reference adaptive control (MRAC), which is based on the measurements of the plant input and output signals and desired behavior specified through a reference model. Both control approaches assume the state space realization of the controlled plant. Vibration suppression of the funnel-shaped inlet part of the magnetic resonance image (MRI) tomograph with distributed piezoelectric actuator and sensor patches is achieved applying proposed control concepts and verified through the Hardware-in-the-Loop experiments with dSPACE and through numeric simulations. The results of the vibration control show considerable suppression of the vibration magnitudes in the selected frequency range.
Introduction
Investigation of the possibilities of active vibration control has become a topic of wide interest and a motivation for research activities over the past years. An important role among active materials used in smart structures belongs to piezoelectric materials (such as thin wafers and patches, fibers or piezoelectric rods) used as actuators and sensors integrated in a structure providing thus the adaptability of a smart structure, while not significantly affecting its passive behavior. Piezoelectric sensing and control with distributed piezoelectric transducers have been intensively studied, for example in [5, 22, 25, 26] . This paper concerns the vibration control of a shell structure using distributed piezoelectric actuator/sensor patches. Besides the investigation of the possibilities of active vibration control using the optimal LQ tracking with additional dynamics and the model reference adaptive control approaches, systematic conduction of the overall design procedure of an actively controlled piezoelectric structure is another motivation for this work.
In many contributions considering active control of piezoelectric structures verification of the results was performed on standard benchmark examples: for example, beam or plate.
Motivation for this work was to test and implement experimentally vibration control of a complex funnel-shaped shell structure using proposed control approaches.
In the overall design procedure regarding the structure model development the aim was to show the feasibility and to compare two structure models: the FEMbased model and the model obtained through the identification procedure. The influence of the actuator/sensor placement was also considered.
The paper is organized in the following way. First the problem of the vibration control for the funnel-shaped inlet structure of the MRI tomograph is stated and the structure is described.
Then the task of the structure modeling is tackled considering the FEM approach and model identification from the measured input-output data. Identification of the frequency response functions of the funnel as well as of the state space model using the subspace-based identification method is performed and the results are compared. The control problem of the funnelshaped structure is considered using two approaches. First the optimal LQ controller with tracking properties [27] is considered. Subsequent phases of the complete controller design are covered through the tracking system design (defining and implementation of additional dynamics), state estimation (Kalman filter) [4] and optimal LQ controller design [4, 19, 27] . As another convenient approach to smart structures control design, direct model reference adaptive control is considered [13] . The approach is regarded as a direct approach because the controller parameters are directly adjusted by the adaptation mechanism without estimation of the plant parameters.
Complete design and control development procedure is implemented in order to control a funnel-shaped shell structure of the magnetic resonance tomograph used in medical diagnostics. Experimental and simulation results are presented and appropriate conclusions are drawn.
Description of the funnel-shaped structure and vibration suppression problem
The controlled structure is a funnel-shaped shell structure representing the inlet part of the magnetic resonance tomograph (a product of the Siemens company) used in medical diagnostics (figure 1). One major problem in MRI equipment is the high-level noise that a patient must undergo during the medical treatment. The aim of the control is an attempt to reduce the noise by suppressing the vibration of the magnetic resonance tomograph. The Lorenz force acting on the copper coils surrounding the cylindrical body of the tomograph excites the vibrations of the cylindrical housing. These vibrations are also transmitted to the funnel-shaped inlet of the tomograph. The vibration control problem of a cylindrical shell used in MRI equipment was addressed in [10] [11] [12] .
The need for noise reduction through vibration suppression imposed the idea that the vibration control of the complex funnel-shaped shell inlet of the tomograph can contribute to the overall vibration suppression of the device and therefore to the noise reduction. Since the vibrations transmitted from the copper coil around the cylindrical body of the tomograph to the funnel are viewed as a secondary source of noise, their suppression plays an important role in the noise reduction. The present research and experimental results regard the field of vibration suppression. Control is achieved using piezoelectric actuators and sensors glued to the surface of the funnel (figure 2).
Vibration modes in the frequency range of interest corresponding to the modally reduced numeric model are controlled in the presence of excitations with frequencies corresponding to the eigenfrequencies of the funnel. This is considered the worst study case due to resonance. A numeric model of the funnel is obtained using the finite element approach and modal reduction in order to obtain a state space model convenient for the controller design. Experimental modal analysis and comparison with the results of the FEM approach result in the selected eigenmodes of interest to be controlled in the presence of excitations with corresponding frequencies. For this purpose the complete experimental modal analysis is performed and the frequency response functions are determined. Vibration control of the selected modes in the sense of the vibration amplitudes' suppression is performed using the models of the funnel obtained through the FEM approach and the subspace identification method and applying two proposed control techniques: an optimal LQ tracking system with additional dynamics and a direct robust model reference adaptive control.
Structure modeling
In the structure modeling two approaches are considered: the finite element approach and the experimental identification of the structure model. Both approaches result in a state space representation of the structure model, which is convenient from the controller design point of view.
FEM model development approach
Modeling of piezoelectrically controlled smart structures using the FEM approach takes into account the piezoelectric behavior of active materials. The electromechanical behavior of such structures is described using basic equations of piezoelasticity and finite element formulation. In a general form of constitutive equations describing the behavior of piezoelectric materials, different effects can be taken into account (e.g. in [7, 21] ). Assuming that the temperature is constant over the considered continuum or that the temperature change with respect to a stress-free state can be neglected, only pure electromechanical coupling in the domain of linear piezoelectricity can be considered. The potential function is then equal to the electric enthalpy H = U − E i D i , where U represents the stored energy density for the piezoelectric continuum and E i and D i are the electric field and the electric displacement vectors, respectively. The potential function can be written in matrix form [6, 20] :
with the strain vector ε 
is the vector of electrical displacement. The system of equations which describe the electromechanical behavior consists of the constitutive equations (2) together with the mechanical equilibrium and electric equilibrium (charge equation of electrostatics resulting from the fourth Maxwell equation):
where P T = [ P 1 P 2 P 3 ] represents the body force vector,
is the vector of mechanical displacements described in the Cartesian system of coordinates
, ρ is the mass density and D u and D φ are differentiation matrices defined in [18] .
The variational statement of governing equations for the coupled electromechanical problem represents the basis for development of the finite element model. It is derived from Hamilton's principle (4), with properly adapted forms of the Lagrangian L and the virtual work W in a way to include the mechanical and electrical contributions [1, 18, 24, 26] :
After appropriate derivation (for details see [18] ), the variational statement of the governing equations for the electromechanical problem is obtained in the form
where F represents the surface applied forces (defined on surface 1 ), F P the point loads, φ the electric potential, q the surface charge brought on surface 2 and Q the applied concentrated electric charges. The finite element formulation of the coupled electromechanical problem is obtained by approximating the displacement field u and the electric potential φ over an element using appropriate shape functions N u and N φ respectively, and representing them as a product of the shape function and the nodal values of the dependent unknowns u k , φ k :
The strain field ε and the electric field E are related to nodal displacements and potential by the shape functions derivatives B u and B φ respectively [21] :
Substituting (6) and (7) into (5), the variational formulation can be written in the form 
and the external mechanical force and electric charge:
Equation (8) must be satisfied for any arbitrary variation of displacements δu k and electrical potentials δφ k compatible with essential boundary conditions, which results in the following equations of an element:
For an electromechanical finite element, the vector of generalized degrees of freedom of a node k can be formed by concatenating the vector of mechanical displacements and electric potential into one vector
T . Then (11) can be written as Index j denotes the j th element. In addition, the dynamic equation (12) can be complemented with a velocity proportional damping term D jqk (D j is the damping matrix) in order to obtain the full equation of the coupled electromechanical behavior of an element:
Adding up all element contributions, the semi-discrete form of the equations of motion is obtained:
where vector q contains all degrees of freedom:
The total load vector F is split for the purpose of the control design into the vector of external forces F E and the vector of control forces F C :
The forces are here generalized quantities, which also include electric charges or electric potentials. MatricesĒ andB describe the positions of the forces and the control parameters in the finite element structure, respectively. Using the approach of this general finite element procedure based on the equations of motion (14) of a finite element in semi-discrete form, different finite elements have been developed to simulate the static and dynamic structural behaviour of smart structures.
The finite element software COSAR [2] used for the FEMbased model development of the funnel structure considered in this paper contains an extensive library of multi-field finite elements such as 1D, 2D, 3D elements, and thick and thin layered composite shell elements (figure 3).
The active Semiloof shell element [23] , contained in the COSAR finite element library, is well suited for thin shell applications [9, 22] . It was used for the FEM modelling of the funnel shaped structure.
The model of a structure in the form (14) is not convenient for the purposes of the controller design, since the order of such a system is very high and it is implied by the number of the finite elements used in the approximation. The modal truncation is therefore accepted as a suitable technique for the reduction of the number of equations in the state space model. The technique we have used is based on the solution of the eigenvalue problem for the equation of motion (14) 
Applying (18) to (14) and multiplying on the left-hand side by Φ T m , a decoupled system of equations in modal coordinates z is obtained:z
where
In the modal truncation procedure the modal displacement vector z is partitioned into two parts: the first part z r contains selected r modes and the second part z u contains the remaining truncated modes:
The modal stiffness and damping matrices as well as the modal matrix are also partitioned in an appropriate way:
Then from (19) , (21), (22) after appropriate transformations, taking into account (18) and introducing the modal reduced state vector:
the modally reduced model is obtained in the state space form: (24) which corresponds to a well known state space formulation of the state equation commonly used in the control theory:
where A denotes the state matrix, B is the input matrix and E is the disturbance coupling vector. The measurement equation in the state space form is obtained in a similar way. Restricting the model to r selected mode shapes and taking into account the partitioned modal matrix and the reduced modal state vector (23) , the measurement equation is expressed as
Equation (26) in this form commonly used in control theory corresponds to the general form of the output equation:
when the control and external inputs do not influence the outputs. The state and output equations (25) and (26) represent a continuous-time state space model of the piezoelectric structure in a form convenient for the controller design.
Subspace-based identification method for the state space model development
Subspace-based identification is proposed as an alternative to numerical modeling using the FEM approach, since in the case when the real structure is available it provides a model of the structure from the input-output measured data. The motivation for the use of the subspace identification algorithm comes from the fact that it results in a state space realization of the structure model and therefore it represents a good basis for a comparison with the results obtained through the numeric procedure of the model development which after modal reduction and appropriate transformations also results in a state space model. In compliance with the state space modeling adopted with the finite element approach, subspacebased system identification is proposed as an alternative for obtaining a structure model in the state space form based on measured input-output data. In this way the contributions that come from the disturbance in the most general sense, as well as from the neglected modes in the truncation procedure of the FEM approach, can be taken into account. The system to be identified is expressed in its general discrete-time combined deterministic-stochastic form:
with the process and measurement noise w[k] and v[k], respectively. The deterministic part of the system (realization Φ, Γ) corresponds to a discrete-time equivalent of the continuous-time state space realization A, B (25) , i.e.:
where T is the sampling time. Input-output measurement data are organized in the form of appropriate input and output block Hankel matrices [28] . The input Hankel matrix is defined as
The output measurement matrix Y is defined in a similar way and the measurement data are organized in the form of the following input-output relation [29] :
where Γ α represents the observability matrix for the system (28) and Φ α is the Toeplitz matrix [29] of impulse responses from u to y:
and α is a specified number greater than the state dimension but much smaller than the data length. For a deterministic case the problem is simplified to determining Γ α and Φ α by computing the singular value decomposition (SVD) of U in the first step [4, 27] :
If matrix U has dimension m × n and rank r , then the partition in (33) is performed as follows:
where p i are called the left singular vectors of U. It can be shown that they are eigenvectors of UU T . Vectors q i are the right singular vectors of U. It can be shown that they are eigenvectors of U T U [27] . Multiplying (31) by Q u2 , matrix Γ α can be determined from an SVD of YQ u2 . Then matrix C is obtained as the first row (in the sense of a block-row) of the observability matrix Γ α , and matrix Φ is calculated from Γ α = Γ α Φ applying the pseudo inverse, where Γ α is obtained by dropping the last row of Γ α . Matrix Γ α represents the matrix obtained by dropping the first row of Γ α . For the calculation of Γ and D matrices, equation (31) is multiplied by the pseudo inverse of U on the right, and by P T u2 taken from (33) on the left. Thus the equation is reduced to
After rearranging, equation (36) can be solved for Γ and D using least squares. In this way the system parameters in the form of state space matrices of the model (28) are identified using the subspace-based identification method.
Controller design for the vibration suppression
Controller design is considered from two aspects: the modelbased optimal LQ tracking system and model reference adaptive control. The optimal LQ controller is augmented with additional dynamics [26] in order to provide tracking of specified reference inputs and to reject the influence of disturbances or excitations which cause resonance states. In this case additional dynamics is implemented as a part of the compensator in a cascade combination with the controlled plant.
Model reference adaptive control is based on the output measurements as well as the measurements of the controlled inputs, output error and reference model states [13] . The desired behavior of the controlled system corresponds to the response of the reference model.
Vibration suppression using optimal LQ tracking system with additional dynamics
The state space model of the structure is a starting point for the optimal LQ controller design. It can be derived using the FEM approach or through the system identification as shown in the previous section. The discrete-time state space model is expressed in a general form:
where the discrete-time excitation/disturbance matrix ε is determined in a similar way to the discrete control matrix Γ in (29) . The optimal LQ control law based on the tracking system design with additional dynamics [16, 18, 27] can be viewed as a successful means for the vibration suppression in smart structures. Controller design assumes rejection of disturbances/excitations, which cause the vibrations, thus providing the controlled system outputs with asymptotically reduced oscillation magnitudes. The idea of introducing additional dynamics in order to make the system output track a given reference input or to reject a disturbance/excitation relies on tracking zero-input trajectories. Thus the tracking control problem converts to a regulation problem of tracking zero-input trajectories of a design model augmented with additional dynamics. The advantage of a tracking system with additional dynamics can be viewed in the light of the fact that once the knowledge of the specified reference input and/or the excitation/disturbance is incorporated in the additional dynamics, the designed control system can handle both types of inputs.
In the vibration control of smart structures sinusoidal excitations play a significant role in the controller design procedure.
The excitation frequency corresponding to an eigenfrequency of the structure under control or to a combination of eigenfrequencies can be regarded as a possible worst study case due to the resonance. The rejection of such excitations/disturbances is therefore significant for the vibration control of smart structures. The additional dynamics is introduced in order to compensate for the presence of disturbances or excitations. It is assumed that the disturbance or excitation and reference input are represented as the outputs of the models described with the following state space equations, respectively:
The poles of the excitations/disturbances and reference inputs are eigenvalues of the state matrices A d and A r in models (38) and (39), respectively. The sets d and r , containing the reference input and disturbance or excitation poles together with their multiplicities, are defined in the following way:
where λ r are the eigenvalues of the A r matrix with the multiplicity m ri , and λ d are the eigenvalues of the A d matrix with the multiplicity m di . Set is defined as the union of the sets d and r with the following restriction: if a common eigenvalue appears in the sets d and r , only the one with the higher multiplicity is included in the set . Eigenvalues λ i in the set define the s-domain poles of the additional dynamics.
The next step in determining the additional dynamics is mapping the eigenvalues of the set using the zero-order-hold pole mapping formula. If λ i are the poles of the additional dynamics from the set with the multiplicity m i and s the total number of poles,
then the polynomial δ(z) in the denominator of the additional dynamics transfer function is determined in the following way:
Matrices Φ a and Γ a of the additional dynamics are determined from the coefficients of the polynomial δ(z):
(43) In the case of multiple-input multiple-output (MIMO) systems the additional dynamics has to be replicated in q parallel systems (once each output), where q is the number of outputs. The replicated additional dynamics is then formed as a block matrix with Φ a , Γ a on the diagonal:
The discrete-time design model (Φ d , Γ d ) is formed as a cascade combination of the additional dynamics and the discrete-time plant model (Φ, Γ) and is expressed as a state space formulation:
Matrices Φ * and Γ * in the design model realization (Φ d , Γ d ) denote the additional dynamics of a single-input single-output system (Φ a , Γ a ) , or the replicated additional dynamics (Φ,Γ) of a multiple-input multiple-output system. The dimension of the design model is n + qs where n is the order of the plant model, q the number of outputs and s the order of the additional dynamics (41).
The feedback gain matrix L of the control law
has n + qs columns and it is partitioned into submatrices L 1 and L 2 formed from the first n and last q × s columns of the matrix L, respectively. Thus the feedback gain matrix L 1 corresponds to the state variables of the plant, while the feedback gain matrix L 2 pertains to the rest of the state variables in the design state vector x d introduced by the additional dynamics (figure 4). In order to solve the problem of an optimal LQ tracking system with additional dynamics, the feedback gain matrix L in the control law (47) has to be determined in such a way that the control law (47) minimizes the performance index:
subject to the constraint (45) where Q and R are symmetric, positive-definite matrices. The design procedure of an optimal LQ controller involves the estimation of the plant state variables. If a state space model is obtained using the FEM approach, the state variables are modal variables, which are not measurable and their estimation is therefore necessary. On the other hand in the identified state space model the state variables are not measurable either, which imposes the need for their estimation. For this purpose the Kalman filter is employed. The equations for the Kalman filter design based on the current estimator assume the state space equation of the plant in the form (37) and the measurements depending on the state variables and influenced by the measurement noise
The covariances of the process and measurement noise are denoted as E(ww T ) = Q w and E(vv T ) = R v , respectively. Then the Kalman estimator is defined by the following equations:
where the Kalman gain matrix is
and
Matrices P and M k are determined by solving equations (51) and (52). The optimal LQ tracking control system with additional dynamics and Kalman estimator is represented in figure 4 . 
Model reference adaptive control (MRAC)
The direct MRAC algorithm is considered as another approach to the controller design for the vibration suppression of smart structures. The controller parameters are directly adjusted by the adaptation mechanism without estimation of the plant parameters. The method is convenient for the use with complex piezoelectric smart structures with many degrees of freedom.
In the case of FEM modeling of the structure with model truncation, which is a necessary step to adapt the structure model to the controller design purpose, the resulting state space model does not exactly reflect the real behavior of the structure. Inaccuracies introduced in this way can be viewed as a source of the parameter variation with respect to the modeled case. The presence of disturbances in the real environment also introduces a variation of the parameters in comparison with the modeled case. This creates the need for an adaptive control algorithm which can successfully handle the insufficient prior knowledge or the unknown changes of the system parameters. The relatively simple MRAC algorithm [13] modified in accordance with [8] provides robustness with respect to unknown bounded disturbances. The robustness assumes stability with respect to boundness of the adaptive gains, errors and states in the presence of disturbances and unmodeled dynamics. MRAC is based on the reference model specified by the designer, which reflects the desired behavior of the controlled structure. A general scheme of the MRAC system is represented in figure 5 .
The reference model is specified in the forṁ
where x m (t) ∈ R nm ×1 is the state vector of the reference model, u m (t) ∈ R m×1 is the command vector and y m (t) ∈ R m×1 the output of the reference model. Since the reference model only represents the desired behavior of the controlled structure, the dimension n m of the model state vector may be much less than the dimension n of the plant state, which is practically the case with large flexible smart structures.
However, since y(t) is to track y m (t), the number of model outputs is equal to the number of plant outputs. Here it is also assumed that the number of plant inputs is equal to the number of controlled outputs m, which is the most usual case in the control of piezoelectric smart structures since the numbers of piezoelectric sensors and actuators are usually equal, and besides, they are mostly collocated [14] as a condition for the controllability and observability of the system.
The direct MRAC algorithm proposed here is based on the command generator tracker, which represents a model reference control law for linear time-invariant systems with known coefficients. The control objective is to make the plant output y follow the specified reference model output y m with the least possible error without explicit knowledge of the structure parameters (i.e. the plant matrices A and B). With regard to this control task all possible pairs (A, B) are supposed to be controllable and output stabilizable, all possible pairs (A, C) are supposed to be observable and the matrix B is assumed to have maximum rank. The adaptive controller structure maintains a similar form as in the case of the command generator tracker [13] , namely the values available for measurement: the tracking error e y , the reference model state x m and the command vector u m are multiplied respectively with appropriate gains, which are in this case adaptive:
where the adaptive gains and measured values are concatenated within appropriate matrices of dimensions m × n r and n r × 1, respectively:
with the output tracking error e y (t) = y m (t) − y(t).
(57)
The adaptive gain K r (t) is represented as a sum of a proportional and integral part:
According to the basic MRAC algorithm the proportional and integral gains are adapted in the following way:
where T andT are n r × n r time-invariant weighting matrices and K I 0 is the initial integral gain. Gain adaptation equations can be expressed in partitioned form in the following way: 
The states and gains in the adaptive system described by equations (55)- (59) are bounded and the output error is asymptotically stable if the plant (realization A, B, C) is almost strictly positive real, which corresponds to the following constraints, according to the theorem in [13] :
where P is a real symmetric positive definite matrix, Q andK e are real matrices and matrices T andT in (59) are symmetric positive definite and semi-definite matrices, respectively. MatrixK e is not needed for the implementation of the adaptation algorithm.
In the robust MRAC approach the integral gain differs from the basic adaptive algorithm in (59). The robust model reference control system should successfully face disturbances (or the parameter variation viewed in terms of unmodeled or unknown dynamics). Under ideal conditions without disturbances the integral gain increases as long as the error exists. When the integral gain reaches a certain stabilizing value the error begins to decrease and it decreases further until it reaches zero value. Then the integral gain stops increasing and maintains some stabilizing constant value. In a realistic environment due to disturbances the error does not reach the zero value and thus the integral gain never stops increasing. Although almost strictly positive real structures are theoretically proven to be stable in the presence of high gains, the infinite increase of the integral gains can lead to divergence of the adaptive control system or to numeric instability in the presence of disturbances. A modification of the integral gain in (59) by adding a σ -term is therefore introduced in accordance with [8] in order to guarantee the convergence:
Almost strictly positive realness of the plant and boundness of disturbances are the conditions for the global stability with respect to boundness [13] . In that case the states, gains and errors involved in the adaptive control are bounded. In order to guarantee robust stability, perfect tracking is not obtained in general, but the adaptive controller maintains a small tracking error over large ranges of nonideal conditions and uncertainties. 
Vibration suppression of the funnel-shaped structure: implementation and experimental results
Active control in the sense of vibration suppression of the funnel-shaped shell structure described in section 2 is achieved with piezoelectric patches used as actuators and sensors. The finite element mesh of the funnel obtained using the finite element software COSAR with placement of the actuators and sensors is shown in figure 6 . Each of the six actuators represents a group consisting of four piezoelectric patches (function modules), which can be clearly seen in figure 2. Each of the six sensors is a single piezoelectric patch. Function modules are made of piezoceramic films (PZT film Sonox P53), with standard dimensions 50 × 25 × 0.2 (mm).
The modal analysis is performed in the first experimental phase in order to determine the eigenfrequencies of the funnel. Experimental modal analysis in the frequency range up to 200 Hz is performed using the LMS CADA-X system with the experimental rig shown in figure 7 and subsequently using the Hardware-in-the-Loop experimental rig with dSPACE, which was also used in a similar arrangement for the controller testing. The funnel is excited by shakers and by actuators bringing appropriate excitation signals (random or impulse signals). On the basis of the response signals collected from the sensor-patches the frequency response functions were determined using both the LMS CADA-X system and the experimental rig with dSPACE. As an example of the comparison, obtained frequency responses for the actuator/sensor pair A2R-S1R are shown in figure 8 .
Applying the FEM-based approach for the analysis of the funnel behavior and numeric model development (using the finite element software COSAR), the eigenfrequencies were determined and on the basis of the comparison with experimental results a reduced order state space model of the funnel was adopted for the control of the funnel eigenmodes in the frequency range up to 35 Hz, where the eigenfrequencies of interest are f 1 = 9.573 Hz, f 2 = 23.333 Hz, f 3 = 31.439 Hz. Comparison of the modal analysis results shows good agreement between the eigenvalues obtained with the finite element software COSAR and experimentally.
The results of determining the frequency response functions are compared and shown in figure 9 for the actuator/sensor pair A2R-S1R. The measured frequency response function (solid) is obtained as the ratio of the fast Since the control is aimed at the first three lowest eigenfrequencies, the state space model is further reduced to order 6 with 6 inputs and 6 outputs (for 6 actuator and 6 sensor patches; see figures 2 and 6) resulting in a controllable and observable realization necessary for the controller implementation. This model was used for determining the frequency response function.
Optimal LQ control based on the identified model
The selected actuator/sensor pair A2R-S1R (see figures 2 and 6) is considered. In order to achieve vibration suppression of the sensor response magnitudes, in the presence of the sine excitation with the frequency equal to the first eigenfrequency ( f 1 = 9.573 Hz), an optimal LQ controller with additional dynamics is designed, where the design model has order 13, and the weighting matrices are selected as Q = 0.001 I 13×13 and R = 100. The experimental results of the vibration suppression are shown in figure 10 , which represents the sensor response and the control signal. During the time between 1.5 and 6.5 s the controller is switched off, which can be seen from the absence of the control signal during that period in the lower part of the figure 10. A more general control case regards the simultaneous control of the first three eigenfrequencies. The task of the control system is to suppress the vibration magnitudes measured by the sensor-patch in the presence of sinusoidal excitation the frequency of which can be equal to any of the first three funnel eigenfrequencies, or to the combination of these sinusoidal signals. The additional dynamics takes into account all three eigenfrequencies ( f 1 = 9.573 Hz, f 2 = 23.333 Hz, f 3 = 31.439 Hz). The order of the design model in this case is increased to 19, since the transfer function is identified with the nominator and denominator orders 12 and 13, respectively. In this case the weighting matrices for the optimal LQ controller are selected to be Q = 0.01 I 19×19 and R = 10. The excitation is obtained as a sum of three sinusoids with the frequencies corresponding to the first three eigenfrequencies of the funnel. The experimentally obtained time response of the sensor S1R with indicated period without control is shown in figure 11 .
Optimal LQ control based on the FEM model
In the procedure of the overall controller development for the active control of the funnel, optimal LQ controller design based on the FEM model is also considered. The aim is to show through the experimental and simulation results that the control system developed on the basis of the FEM model can successfully be used for the control of smart structures, in this case for the vibration suppression of the funnel. Time responses of the sensor S1R for different excitation cases on the actuator A2R are shown in figures 12, 13 and 14.
The control system is first designed assuming sine excitation with the frequency f 1 . The design model order is then equal to 8 and the weighting matrices for the optimal LQ tracking system are Q = I 8×8 and R = 10. In this way the first eigenfrequency is controlled. Large control signals dictated by the control system (which are required due to difference between the measured and based on the model calculated sensor signals) are overcome by introducing the gain which decreases the control signal and reduces it to the boundaries acceptable from the dSPACE input-output voltage limitations (±10) point of view. The robustness of the control system thus enables accomplishment of the control task in this range (suppression of vibration magnitudes) despite the differences between the actual and calculated sensor signals (i.e. between the control effort imposed and that required based on the model). The time response of the sensor S1R and the control effort obtained experimentally with this control system in the presence of sine excitation with frequency f 1 is shown in figure 12 .
The same control system exhibits the behaviour presented in figure 13 when used in the presence of excitation obtained as a sum of sinusoids with frequencies f 1 , f 2 , f 3 .
As a next step the control system is designed in order to control simultaneously the first three eigenfrequencies assuming the excitation as a sum of sinusoids with frequencies Comparison of the obtained results (figures 13 and 14) shows that, according to expectations, the control system designed to handle complex excitations consisting of a superposition of several sine signals exhibits better vibration suppression using a slightly greater control effort. 
Optimal LQ tracking with additional dynamics-MIMO case
Based on the model obtained through the subspace identification, an optimal LQ control system with additional dynamics was developed for the MIMO case. In this way the oscillation amplitudes measured at different positions can at the same time be controlled using one or more actuators, depending on the designed model.
The presented results show the responses of the sensors S1R, S2L controlled by the actuators A2L, A2R. The identified model has order 50. The control system is designed using the weighting matrices Q = 0.1 I 54×54 and R = 100 I 2×2 since the additional dynamics is replicated two times due to two outputs. The time responses of the sensors for two excitation cases (sine excitation with the frequency f 1 and the excitation containing the first three eigenfrequencies) are represented in figures 15 and 16.
Implementation of the model reference adaptive control
Using the described procedure a direct robust MRAC algorithm was applied to the funnel-shaped structure in order to suppress the vibrations caused by excitations, which are assumed to be sinusoidal with frequencies corresponding to selected eigenfrequencies of the funnel.
The coefficient σ , equation (62), in the modified robust MRAC algorithm provides stability in the sense of convergence of the outputs, states and adaptive gains. It is chosen to be σ = 0.1. For the single-input single-output case the coefficients of the reference model (58), (59) are chosen in the following way: A m = −3, B m = 1, C m = 3. Actuator/sensor pair A2R-S1R is considered. For the presented simulation results obtained with the FEM-based state space model of the funnel appropriate elements of the matrices T andT are chosen to be 1000. Excitation sin(2π f 1 )t is considered. Uncontrolled and controlled output is represented in figure 17 (left) . The zoomed controlled response is represented in figure 17 (right) . The control signal and adaptive gain K e are represented in figure 18.
Conclusions
This paper is aimed at vibration control of a funnelshaped shell structure using piezoelectric actuators and sensors. Besides the controller design, which is considered from two different points of view (optimal LQ tracking system with additional dynamics and robust direct MRAC T andT 1000 1000 algorithm), the complete procedure of the active control design involving modeling, implementation and testing is presented. Regarding modeling, a numeric approach using the FEMbased procedure and modal reduction is considered which results in a state space model convenient for the controller design. As a complementary approach the subspace-based model identification is considered as a solution for the model development in the case when the real structure exists. The results of the modeling approaches are compared through investigation of the possibilities for control in the sense of vibration suppression. It was shown that the FEM used and the identified models represent a good basis for the controller design, which results in a successful vibration suppression in the presence of excitations. The subspace identification method is proposed since it results in a state space representation of the structure model and therefore represents a good basis for comparison with the results obtained using another proposed approach based on the FEM method. On the other hand the state space representation is convenient for work with multiple-input multiple-output systems in computer-aided control system design. From the controller design point of view two approaches are considered: an optimal LQ tracking system with additional dynamics and a direct robust MRAC algorithm. Both controllers successfully accomplish the vibration suppression task. The optimal LQ tracking system requires a model of the structure under control, which is obtained using some of the proposed model development methods (FEM or subspace identification). The additional dynamics incorporated in the control system as a part of the compensator in the cascade combination with the model of the structure enables successful rejection of the impact of excitations or disturbances which can be modeled by rational transfer functions. Investigation of the sinusoidal excitations with frequencies corresponding to the eigenfrequencies of the structure under control is considered as a worst study case due to the possibility of exciting the resonant modes. Controller implementation results in considerable suppression of the vibration magnitudes. As another approach to the controller design a direct robust MRAC is proposed. The desired behavior is specified by the reference model and robustness of the control algorithm with respect to the boundness of the adaptive control gains, tracking errors and states is achieved by the modification of the integral term in the expression for the adaptive gain. A complete design procedure and control implementation are performed in order to suppress the vibrations of the complex piezoelectrically controlled funnel-shaped structure. In the selected range of excitation frequencies vibration suppression was accomplished using the proposed controllers.
